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We compute tiie analytic expression of the probability distributions Fftseioo,+ and Fftseioo,- 
of the normalized positive and negative FTSEIOO (UK) index daily returns r{t). Furthermore, we 
define the a re-scaled FTSEIOO daily index positive returns rit)" and negative returns [—r{t))" 
that we call, after normalization, the a positive fiuctuations and a negative fiuctuations. We use 
the Kolmogorov-Smirnov statistical test, as a method, to find the values of a that optimize the 
data collapse of the histogram of the a fiuctuations with the Bramwell-Holdsworth-Pinton (BHP) 
probability density function. The optimal parameters that we found are = 0.55 and a~ — 0.55. 
Since the BHP probability density function appears in several other dissimilar phenomena, our 
results reveal an universal feature of the stock exchange markets. 



I. INTRODUCTION 

The modeling of the time series of stock prices is a 
main issue in economics and finance and it is of a vi- 
tal importance in the management of large portfolios of 
stocks [13, [l^, [2^. Here, we analyze the well known 
FTSEIOO Index also called FTSEIOO, FTSE, or, infor- 
mally, the "footsie" that corresponds to a share index of 
the 100 most highly capitalised UK companies listed on 
the London Stock Exchange. It is the most widely used 
of the FTSE Group's indices and is frequently reported 
as a measure of business prosperity. The FTSEIOO com- 
panies represent about 81 % of the market capitalisation 
of the whole London Stock Exchange. The time series to 
investigate in our analysis is the FTSEIOO index from 
April of 1984 to September of 2009. Let Y{t) be the 
FTSEIOO index adjusted close value at day t. We define 
the FTSEIOO index daily return on day t by 



r{t) 



Y{t)-Y{t-l) 
Y{t-l) ■ 



We define the a re- scaled FTSEIOO daily index positive 
returns r(t)°', for r{t) > 0, that we call, after normal- 
ization, the a positive fluctuations. We define the a re- 
scaled FTSEIOO daily index negative returns {—r{t))", 
for r(t) < 0, that we call, after normalization, the a neg- 
ative fluctuations. We analyze, separately, the a positive 
and a negative daily fiuctuations that can have differ- 
ent statistical and economic natures due, for instance, 
to the leverage effects (see, for example, [H. [21I [2^). 
Our aim is to find the values of a that optimize the 
data collapse of the histogram of the a positive and a 
negative fluctuations to the universal, non-parametric, 
Bramwell-Holdsofworth-Pinton (BHP) probability den- 
sity function. To do it, we apply the Kolmogorov- 
Smirnov statistic test to the null hypothesis claiming that 
the probability distribution of the a fiuctuations is equal 



to the (BHP) distribution. We observe that the P values 
of the Kolmogorov-Smirnov test vary continuously with 
a. The highest P values P+ = 0.19... and P- = 0.14... of 
the Kolmogorov-Smirnov test are attained for the values 
ck+ = 0.55... and a~ — 0.55..., respectively, for the posi- 
tive and negative fiuctuations. Hence, the null hypothesis 
is not rejected for values of a in small neighborhoods of 
Q!+ = 0.55... and a~ = 0.55.... Then, we show the data 
collapse of the histograms of the a+ positive fiuctuations 
and a~ negative fiuctuations to the BHP pdf. Using 
this data collapse, we do a change of variable that allow 
us to compute the analytic expressions of the probabil- 
ity density functions fFTSEwo,-^- and fpTSEwo,- of the 
normalized positive and negative FTSEIOO index daily 
returns 



fFTSEiooA^) = 8.73a;-°-45/Bffp(30.87a:°-5^ 
fFTSEioo,-{x) - 8.74a;-°-45/Bifp(28.88a;°-55 



1.95) 
1.82) 



in terms of the BHP pdf fsHP- We exhibit the data 
collapse of the histogram of the positive and negative re- 
turns to our proposed theoretical pdfs fFTSEwo,+ and 
f FTSEIOO,-- Similar results are observed for some other 
stock indexes, prices of stocks, exchange rates and com- 
modity prices (see Since the BHP probability 
density function appears in several other dissimilar phe- 
nomena (see, for instance, 0, 0, H [HI, ITsl - flTl l2lj). our 
result reveals an universal feature of the stock exchange 
markets. 



II. POSITIVE FTSEIOO INDEX DAILY 
RETURNS 



Let r+ be the set of all days t with positive returns. 



I.e. 



T+ ^{t: r{t) > 0}. 
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Let = 3367 be the cardinal of the set T+. The a 
re-scaled FTSEIOO daily index positive returns are the 
returns r(t)" with t G r+. Since the total number of 
observed days is rt = 6442, we obtain that jn — 0.52. 



The 



mean [i 



+ _ 



0.063... of the a re-scaled FTSEIOO daily 



index positive returns is given by 



(1) 



teT+ 



The standard deviation (T+ = 0.032... of the a re-scaled 
FTSEIOO daily index positive returns is given by 



(2) 




We define the a positive fluctuations by 



(3) 



for every t G T+. Hence, the a positive fluctuations are 
the normalized a re-scaled FT £^100 daily index positive 
returns. Let = —1.88... be the smallest a positive 
fluctuation, i.e. 

= mm{r+(0}. 

Let i?+ — 6.68... be the largest a positive fluctuation, i.e. 
R+ - niax{r+(t)}. 

We denote by Fa.+ the probability distribution of the a 
positive fluctuations. Let the truncated BHP probability 
distribution FBHP,a,+ be given by 



FBHP,a,+ {x) 



Fbhp{x) 



FBHp{Ra) ~ FbHP [La] 



where Fbhp is the BHP probability distribution. We ap- 
ply the Kolmogorov-Smirnov statistic test to the null hy- 
pothesis claiming that the probability distributions Fq,+ 
and FBHP,a.+ are equal. The Kolmogorov-Smirnov P 
value Pa,+ is plotted in Figure [TJ Hence, we observe that 
= 0.55... is the point where the P value Pa,+ = 0.19... 
attains its maximum. 

It is well-known that the Kolmogorov-Smirnov P value 
Pa,+ decreases with the distance \\Fa^+ ~ FBHP.a,+ \\ 
between Fa^+ and FBHP,a,+ - In Figure [21 we plot 
Da+.+{x) = _|_(a:) — FBHP.a+ ,+ {x)\ and we observe 
that Da+_j^{x) attains its highest values for the a+ 
positive fluctuations above or close to the mean of the 
probability distribution. 

In Figures [3] and |4l we show the data collapse of the 
histogram of the positive fluctuations to the 

truncated BHP pdf fBHP,a+,+- 



FIG. 1. The Kolmogorov-Smirnov P value Pa,+ for values of a in 
the range [0.45,0.65]. 




FIG. 2. The map Do.55,+ {x) = |Fo.55,+ (x) - Fbhp,o.55,+ {x) 



Assume that the probability distribution of the a"*" posi- 
tive fluctuations r'^+{t) is given by FBHP,a+,+ (see [11]). 
The pdf /fts_eioo,-i- of the FTSEIOO daily index positive 
returns r{t) is given by 



fFTSEim., + {x) 



al, {Fbhp {K.)- Fbhp [Ll,)) 



Hence, taking a+ — 0.55..., we get 
fpTSEwoAx) - 8.73....T-°-45 -/s^p(30.87...a;° 



-1.95...). 



In Figures [5] and [HJ we show the data collapse of the 
histogram of the positive returns to our proposed 
theoretical pdf fFTSEwo,+- 
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""0.55 

FIG. 5. The histogram of the fluctuations of the positive returns 
FIG. 3. The histogram of the a+ positive fluctuations with the ^'^"^ ^"^^ fFTSEWO,+ on top, in the semi-log scale, 
truncated BHP pdf fBHP,Q.66,+ on top, in the semi-log scale. 




FIG. 4. The histogram of the a+ positive fluctuations with the 
truncated BHP pdf /Bifp,o.B6,+ on top. 



III. NEGATIVE FTSEIOO INDEX DAILY 
RETURNS 



Let T be the set of all days t with negative returns, 



I.e. 



T- = {t: r{t) < 0}. 

Let n~ = 3074 be the cardinal of the set T~. Since the 

total number of observed days is n = 6442, wc obtain 
that n~/n = 0.48. The a re-scaled FTSEIOO daily index 
negative returns are the returns {—r{t))°' with t G T~. 
We note that —r(t) is positive. The mean /i~ = 0.063... 
of the a re-scaled FTSEIOO daily index negative returns 
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FIG. 6. The histogram of the fluctuations of the positive returns 
with the pdf /ftsbioo,-h on top. 



is given by 



(4) 



teT- 



The standard deviation = 0.035... of the a re-scaled 
FTSEIOO daily index negative returns is given by 



^« =i/;F E (-r-W)'" - (Ma)' (5) 



teT- 



We define the a negative fluctuations by 

(-r(t))«-M- 



(6) 



for every t E T . Hence, the a negative fluctuations are 
the normalized a re-scaled FTSEIOO daily index nega- 
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tive returns. Let = —1.74... be the smallest a nega- 
tive fluctuation, i.e. 

L~ = min{r-(i)}. 

teT- 

Let — 7.27... be the largest a negative fluctuation, 
i.e. 

= max{r-(t)}. 

teT- 

We denote by Fa^- the probability distribution of the a 
negative fluctuations. Let the truncated BHP probability 
distribution Fbhp.cx,- be given by 



FBHP,a-{x) 



F, 



BHP 



(x) 



FBHp{Ra) — FBHp{La) 



where Fbhp is the BHP probability distribution. We ap- 
ply the Kolmogorov-Smirnov statistic test to the null hy- 
pothesis claiming that the probability distributions -Fk,- 
and FBHP,a,- are equal. The Kolmogorov-Smirnov P 
value Pa,- is plotted in Figure[71 Hence, we observe that 
a~ = 0.55... is the point where the P value P^- — 0.68... 
attains its maximum. The Kolmogorov-Smirnov P value 




FIG. 8. The map Do.55,-{x) = \Fo.55,-{x) - Fbhp,o.55,-{^) 




FIG. 9. The histogram of the a negative fluctuations with the 
truncated BHP pdf /bhp.0.55.- on top, in the semi-log scale. 



FIG. 7. The Kolmogorov-Smirnov P value Pa 
the range [0.45,0.65]. 



for values of a in 



Pa,- decreases with the distance \\Fa,- — FBHP,a,-\\ 
between F^^- and FBHP,a,-- In Figure [SI we plot 
D^- _{x) — \Fg^- _{x) — FBHP.a- and we observe 

that -Dq,- attains its highest values for the a~ neg- 
ative fluctuations below the mean of the probability dis- 
tribution. 

In Figures [HI and [TUl we show the data collapse of the 
histogram fa- - of the a~ negative fluctuations to the 
truncated BHP pdf fBHP.a- -■ 

Assume that the probability distribution of the a~ nega- 
tive fluctuations r~_ (t) is given by FBHP,a- (see 



The pdf fpTSEwo,- of the FTSEIOO daily index (sym- 
metric) negative returns —r(t), with T G T^, is given 
by 



f FTSEIOO,- (x) 



''fBHp[[a 



^--{Fbhp {R--)-Fbhp {L--)) 



Hence, taking a — 0.55..., we get 



fFTSE100,-{x) = 8.74. 



„-0-45. 



' fBHp{28-88. 



„0.55. 



-1.82...) 



In Figures [TT] and [121 we show the data collapse of the 
histogram /i _ of the negative returns to our proposed 
theoretical pdf fpTSEioo,-- 
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FIG. 10. The histogram of the a negative fluctuations with the 
truncated BHP pdf fsHPfi. 55,- on top. 




FIG. 11. The histogram of the negative returns with the pdf 
fpTSEloo,- on top, in the semi-log scale. 




FIG. 12. The histogram of the negative returns with the pdf 
fpTSEloo,- on top, in the semi-log scale. 



IV. CONCLUSIONS 

We used the Kolmogorov-Smirnov statistical test to 
compare the histogram of the a positive fluctuations 
and a negative fluctuations with the universal, non- 
parametric, Bramwell-Holdsworth-Pinton (BHP) proba- 
bility distribution. We found that the parameters — 
0.55... and a" — 0.55... for the positive and negative 
fluctuations, respectively, optimize the P value of the 
Kolmogorov-Smirnov test. We obtained that the respec- 
tive P values of the Kolmogorov-Smirnov statistical test 
are F+ = 0.19... and P^ = 0.14.... Hence, the nuh hy- 
pothesis was not rejected. The fact that is different 
from a~ can be do to leverage effects. We presented 
the data collapse of the corresponding fluctuations his- 
tograms to the BHP pdf. Furthermore, we computed 
the analytic expression of the probability distributions 
Fftseioo,+ and Fftseioo,- of the normalized FTSEIOO 
index daily positive and negative returns in terms of the 
BHP pdf. We showed the data collapse of the histogram 
of the positive and negative returns to our proposed theo- 
retical pdfs fFTSEwo,+ and /ftseioo,-- The results ob- 
tained in daily returns also apply to other periodicities, 
such as weekly and monthly returns as well as intraday 
values. 

In [l^, it is found the data collapses of the his- 
tograms of some other stock indexes, prices of stocks, ex- 
change rates, commodity prices and energy sources [T2j 
to the BHP pdf. 

Bramwell, Holdsworth and Pinton [3*| found the proba- 
bility distribution of the fluctuations of the total magneti- 
zation, in the strong coupling (low temperature) regime, 
for a two-dimensional spin model (2dXY) using the spin 
wave approximation. From a statistical physics point of 
view, one can think that the stock prices form a non- 
equilibrium system [3 [3 HI]- Hence, the results 
presented here lead to a construction of a new qualita- 
tive and quantitative econophysics model for the stock 
market based in the two-dimensional spin model (2dXY) 
at criticality (see [l^). 
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Appendix: Definition of the 
Bramwell-Holdsworth-Pinton probability 
distribution 



The universal nonparametric BHP pdf was discovered 
by Bramwell, Holdsworth and Pinton Q. The BHP prob- 
ability density function (pdf) is given by 



r°° dx 1 1 



1 1 



EJV-1 \ J^_l- 1 
k = l 2N A,. 2 



arctanf 



(A.l) 



where the {Xk}j^^i are the eigenvalues, as determined 
in [5], of the adjacency matrix. It follows, from the for- 
mula of the BHP pdf, that the asymptotic values for large 
deviations, below and above the mean, are exponential 
and double exponential, respectively (in this article, we 



use the approximation of the BHP pdf obtained by tak- 
ing L = 10 and = in equation (|A.1|) ). As we 
can see, the BHP distribution does not have any pa- 
rameter (except the mean that is normalize to and 
the standard deviation that is normalized to 1) and it 
is universal, in the sense that appears in several phys- 
ical phenomena. For instance, the universal nonpara- 
metric BHP distribution is a good model to explain the 
fluctuations of order parameters in theoretical examples 
such as, models of self-organized criticality, equilibrium 
critical behavior, percolation phenomena (see @), the 
Sneppen model (see [3] and [7|), and auto- ignition fire 
models (see [111)- The universal nonparametric BHP dis- 
tribution is, also, an explanatory model for fluctuations 
of several phenomenon such as, width power in steady 
state systems (see l3|), fluctuations in river heights and 
flow (see d, H, [ll|, llH, [ill), for the plasma density fluc- 
tuations and electrostatic turbulent fluxes measured at 
the scrape-off layer of the Alcator C-mod Tokamaks (see 
25|) and for Wolf's sunspot numbers fluctuations (see 

13). 



[1] T.G. Andersen, T. BoUerslev, P. Frederiksen and M. 
Nielse Continuos-Time Models, Realized Volatilities and 
Testable Distributional Implications for Daily Stock Re- 
turns Preprint (2004). 

[2] S. W. Barnhart and A. Giannetti, Negative earnings, pos- 
itive earnings and stock return predictability: An empir- 
ical examination of market timing Journal of Empirical 
Finance 16 70-86 (2009). 

[3] S.T. Bramwell, P.C.W. Holdsworth and J.F. Pinton, Na- 
ture, 396 552-554 (1998). 

[4] S.T. Bramwell, T. Fennell, P.C.W. Holdsworth and B. 
Portelli, Universal Fluctuations of the Danube Water 
Level: a Link with Turbulence, Criticality and Company 
Growth, Europtiysics Letters 57 310 (2002). 

[5] S.T. Bramwell, J.Y. Fortin, P.C.W. Holdsworth, S. 
Peysson, J.F. Pinton, B. Portelli and M. Sellitto Mag- 
netic Fluctuations in the classical XY model: the origin 
of an exponential tail in a complex system, Phys. Rev E 
63 041106 (2001). 

[6] D. Chowdhury and D. Stauffer A generalized spin model 
of financial markets Eur. Phys. J. B8 477-482 (1999). 

[7] K. Dahlstedt and H.J. Jensen Universal fluctuations and 
extreme-value statistics, J. Ptiys. A: Math. Gen. 34 
11193-11200 (2001). 

[8] K. Dahlstedt and H.J. Jensen Fluctuation spectrum and 
size scaling of river flow and level, Physica A 348 596-610 
(2005). 

[9] Dynamics, Games and Science. Eds: M. Peixoto, A. A. 
Pinto and D. A. Rand. Proceedings in Mathematics se- 
ries. Springer- Verlag (2010). 

[10] X. Gabaix, G. Parameswaran, V. Plerou and E. Stanley 
A theory of power-law distributions in financial markets 
Nature 423 267-270 (2003). 

[11] R. Gongalves, H. Ferreira and A. A. Pinto, Universal- 
ity in the Stock Exchange Market Journal of Difference 
Equations and Applications (accepted in 2009). 



[12] R. Gongalves, H. Ferreira and A. A. Pinto Universality 
in energy sources, lAEE (International Association for 
Energy economics) International Conference (accepted in 
2010). 

[13] R. Gongalves, H. Ferreira and A. A. Pinto Universal fluc- 
tuations of the Dow Jones (submitted). 

[14] R. Gongalves, H. Ferreira and A. A. Pinto A qualitative 
and quantitative Econophysics stock market model (sub- 
mitted). 

[15] R. Gongalves, H. Ferreira, A. A. Pinto and N. StoUenwerk 
Universality in nonlinear prediction of complex systems. 
Special issue in honor of Saber Elaydi. Journal of Dif- 
ference Equations and Applications 15, Issue 11 & 12, 
1067-1076 (2009). 

[16] R. Gongalves and A. A. Pinto Negro and Danube are 
mirror rivers. Special issue Dynamics & Applications in 
honor of Mauricio Peixoto and David Rand. Journal of 
Difference Equations and Applications (2009). 

[17] R. Gongalves, A. A. Pinto and N. StoUenwerk Cycles and 
universality in sunspot numbers fluctuations The Astro- 
physical Journal 6Q1 1583-1586 (2009). 

[18] P. Gopikrishnan, M. Meyer, L. Amaral and H. Stanley 
Inverse cubic law for the distribution of stock price varia- 
tions. The European Physical Journal B 3 139-140 (1998). 

[19] F. Lillo and R. Mantegna Ensemble Properties of securi- 
ties traded in the Nasdaq market Physica A 299 161-167 
(2001). 

[20] R. Mantegna and E. Stanley Scaling behaviour in the 
dynamics of a economic index Nature 376 46-49 (2001). 

[21] A. A. Pinto, Game theory and Duopoly Models Interdis- 
ciplinary Applied Mathematics, Springer- Verlag (2010). 

[22] A. A. Pinto, D. A. Rand and F. Ferreira, Fine Structures 
of Hyperbolic Diffeomorphisms. Springer-Verlag Mono- 
graph (2009). 

[23] V. Pleroul, P. Gopikrishnan, B. Rosenow, L. Amaral, 
and H. Stanley Universal and Nonuniversal Properties 
of Cross Correlations in Financial Time Series Physical 



7 



Review Letters 83 1471-1474 (1999). 
[24] P. Sinha-Ray, L. Borda dc Agua and H.J. Jensen Thresh- 
old dynamics, multifractahty and universal fluctuations 
in the SOC forest fire: facets of an auto-ignition model 



Physica D 157, 186-196 (2001). 
[25] B. Ph. Van MiUigen, R. Sanchez, B. A. Carroras, V. E. 
Lynch, B. LaBombard, M. A. Pcdrosa, C. Hidalgo, B. 
Gongalves and R. Balbfn Physics of plasmas 12 05207 
(2005). 



